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In [1] [6], matching is achieved by minimizing a curva-

ABSTRACT f[ure based bending energy. Wang [15] introd_uced a match-
A novel method of point correspondence recovery betweering method by defining an error function which combines
planar curves is presented in this paper where motion be- Euclidean distance, surface normal and curvature. Local
tween the curves is nonrigid. Fourier transformation isdise ~ searching is necessary for these methods to find the best
to decompose planar curves into a set of ellipses, each atmatching which minimizes the objective function.
a different frequency level. The point correspondences be-  Correspondence recovery is also a common task in sur-
tween two planar curves is based on the correspondencesace registration problem. Correspondence between two sur
between two ellipses in the same frequency level. At eaclttaces will guide the registration process and the registrat
level, a simple method is implemented to get the correspon—esult will in turn decide the correspondence between two
dences between the two ellipses through their shape infor-surfaces. To accomplish these two tasks simultaneously, it
mation. This way, nonrigid point correspondence problem erative algorithms are proposed in [4][7] [16][5]. In each
between two planar curves is decomposed to a set of simiteration, an objective function is minimized according to
ple subproblems — the correspondence between ellipses. Wehe current recovered correspondence and motion between
have conducted comprehensive experiments on synthetic antle two surfaces is resolved. This motion will bring two sur-
real data sets and found that the algorithm is quite effectiv faces towards each other and a new correspondence will be

and efficient. decided according to some criterion. This new correspon-
dence is then used to recover a better motion in the next
1. INTRODUCTION iteration.
1.1. Related Work In [14], two problems of using curvature and objective

Correspondence recovery is an important step in many comfunction for nonrigid correspondence recovery are pointed
puter vision applications. Given the object's structurp-ca  Out by Tagare. First, minimization of pure curvature dif-
tured in two time instances, it is critical to recover therioi ~ ference for nonrigid motion estimation will be problematic
correspondence between these two structures for undestanSince the curvature is only arigid invariant. Second, the ob
ing the motion of the object. Motion of many real world ob- €ctive functions are not guaranteed to be symmetric with
jects is usually nonrigid and involves arbitrary (unknown espect to the two surfaces being compared. The above
model) deformation which makes the correspondence re-Problems can be avoided by directly comparing the geom-
covery difficult. etry of two shapes. Belongie [3] matches two shapes by
One way to overcome the difficulty is to constrain the cOmparing the point shape context which is a set of points
deformation type. An explicit motion model is usually uti- ground_ the p0|r_1t of interest. T_hl_s met_hod is sunat_)le for ob-
lized in these methods. This motion model simplifies the JECtS with certain shapes and it is designed for object recog
nonrigid motion and its parameters can be solved by lo- qltlon. It can not be applied to the analysis of nonrigid mo-
cal searching for a pair of points that best fit the prede- tion of closed curves.
fined motion model [9][2]. The motion types are limited To describe shapes of closed curves, elliptic Fourier de-
in these methods. Many researchers also recover the coreomposition has been widely used in computer vision [13][11
respondence from the shape information. This can be ac{10] for segmentation and object recognition. The parame-
complished implicitly by optimizing an objective function ter space warping(PSW) [12] method introduced by Meier



also uses elliptic Fourier decomposition for correspocgen )
recovery but two shapes are still compared with the rigid @ -
_/

invariants such as curvature and surface normal. Our pro-

posed method not only decomposes the object shape but Y mmimmw
also decomposes the motion between two closed curves. At -
each level, the decomposition of motion is decided directly é? =
by the geometry of decomposed shapes. Recovered corre- s
spondence is guaranteed to be symmetric because switching - =D
the “before” and “after” motion curves does not effect the wes () e 0
resulting correspondence. |

1.2. General Approach
Our approach of matching is similar to the parameter space

warping (PSW) technique[12]. Correspondence betweenFig. 1. General approach: 1) Shape decomposition. 2) Pa-
two objects is defined as the mapping of parameter betweerfameter mapping between ellipses. 3) Parameter mapping
the objects. PSW finds the best parameter mapping by acomposition.

global search in the parameter space while our approach

gets the parameter mapping directly from the geometry of

objects. In our approach, the problem of correspondence,qre

recovery between two objects is divided into a set of sub-

problems, i.e, correspondence between ellipses. ap = 5= f(f“ x(t)dt =5 02“ y(t)dt
A closed contour can be represented using a parametric ,, — L f(% a(t) cos(kt)dt by, = 5= fo% (t) sin(kt)dt
description by the following Fourier transformation: or = o= [T y(t) cos(kt)dt  dy = = fo% y(t) sin(kt)dt.

F(t) = éi(k,t) = diBk(t). (1) (3)
) ko ok o From geometry perspectivigy, co) is the center of the closed
By, is the basis functioryy, is the coefficients for level  ¢yrve and

k andt is the parameter, usually defined as the polar angle.
Vector Z(t) is the Cartesian object coordinates. It is mod- [ 2y (1) ] _ [ ar by } [ cos(kt) } 4)
eled as a superposition of vectgr. As we will explain in Yk(t) e, dy | | sin(kt)
the next sectiorgy, represents an ellipse in geometry.

Using Equation(1), two object boundaries (planar con- is an ellipse. we call it th&*" ellipse of the closed curve
tours) can be described by sets of ellipses at differentdeve  (¢(t),y(t)). The center of thé:"" ellipse is(0,0) but its
At each level, correspondence between the two ellipses will S€Mi-major axis and semi-minor axis are usually not aligned
give us partial information about the correspondence be-With thez andy axes. The phase shift of tié" ellipse is
tween the two object contours. Information collected from @lso not) in general. To describe the shape of this ellipse, it
all the levels gives us the mapping relationship between thelS Necessary to know the semi-major axis length, the semi-
two objects. Thus, similar to the Fourier transformation Minor axis length and phase shift value. Mathematically,
which decomposes a shape into simple shapes, we decormfhe Equation(4) can be written as:

pose the correspondence mapping between the two shapes

to simple parameter mappings. { i (1) } =17y [ A 0 ]pk [ C.Os(kt) } (5)
There are three main steps in this correspondence re- yi(t) 0 By sin(kt)

covery approach: 1) decomposing both object boundaries tQyhere

sets of ellipses in different levels, 2) estimation of pagam

ter mapping between the ellipse pairs in each level, 3) com- | cosf, —sinb | cosdr —singy

posing of parameter mapping of all the levels into a final k [ sinf  cosO } k= { singr  cos @y ]

parameter mapping between the two object contours. The

process is shown in Figure 1. Other parts of Equation(5) can be used to define a standard
2. SHAPE DECOMPOSITION ellipse
The boundaries of organs, cells and other biomedical ob- i) 1 [ Ap O cos(u) 7
jects usually can be represented by closed curves. The ellip { yitd(u) } N { 0 By ] [ sin(u) ] )
tic Fourier representation of a closed curve is[13][11]{10
whereu = kt.

{ z(1) ] _ [ ao ] +§: [ ar by } [ cos(kt) } @) From Equation (5) and (7), it can be seen thatde-
co | [ en dy || sin(kt) fines a rotation angy, defines a phase shift between tHé
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(b) Fig. 3. Correspondence between two ellipses
Fig. 2. (a)Thekt" ellipse. (b) The standard ellipse.

andé’k are Ay, B;, and A, B, respectively. IfA;, is close

_ _ _ to A} andB;, is close toB;, we say these two ellipses are
ellipse an_d a standard ellipse. _The val_ues of rotation andg;jm|ar. By rotatingé: andé’k with angles—4;, and—e;v re-
phase shift aré; and¢, respectively. Itis also clear that  gpectively ¢, is defined in Equation(8)) we will overlay the
these two ellipses have same semi-major axis ledgtand  oiated ellipses with their standard ellipses and these rot
same semi-minor axis lengt;. Figure 2 shows the rela-  {jons will not change the ellipse shapes. Shape comparison
tionship between these two ellipses. betweerv;, andF,, can then be done by comparing their stan-

The following equations are given by [13]: dard ellipses.

If the orientation ofe;, is counterclockwise, a point in

2_432 . . .
A2 = Vel As =200 ér with parametet will have parameter. in the standard
k 2 k at+/a2—432 (8) . .
0, = tan~! AkctBibe g pan=1 Brax—Axdy ellipsexy(u) = Ak cosu, yrp(u) = B sinu(0 < u < 27)
Apar—Brdk Arcrt+Brby after the rotation. The relationship betweeandu is:
where

u = kt + ¢ mod 2. (11)
@ =aj + b} +cf +df, B = ardp —brep. (9) The point iné, with parametet’ can be dealt with in
the same way. After the rotation, it will be located to a
3. PARAMETER MAPPING point with parameter.’ in the standard ellipse, (u') =
Given a before-motion curve:(t), y(¢)) and an after-motion A, cosu’,y, (u') = B, sinu (0 < v’ < 27) and
curve(z (t'),y (t)), the problem of finding corresponding

pointin the after-motion curve for every point in the before u' =kt + ¢, mod 2. (12)
motion curve can be solved if the mapping freno ¢ is ] ] ]
known. That is, for a point with parametein the before- A simple point correspondence recovery method for sim-
motion curve, we need to know the parameteof its cor- ilar standard ellipses is shown in Figure 3. Two points are

responding point in the after-motion curve. Formally, for corresponding to each other if they have the same polar an-
a pair of corresponding points, the mapping between their9le 0. For a standard ellipse defined in Equation(7), the an-

parameters is: gle of a point has relationship with its parameteas:
Att) =t —t 10
0 (10) 0= tarfl(ﬂ tanw). (13)
and At for every point(z(t), y(t)) is needed to solve the Ay

correspondence problem. Then the mapping from to «/(u andu’ have the same polar
From Equations (2) and (4), one can see that a closed

_ > angle off) between these two ellipse is
curve can be decomposed into a set of ellipses. The shape

of the curve is decided by the shapes of ellipses in differ- , . A;Bk
ent levels. As the correspondence between the two curves Aug(u) =u —u=tan (AkB’
depend on their shape, it is natural to seek the correspon- F
dences between the decomposed ellipse pairs at each levelkrom Equations (11), (12) and (14), the parameter mapping

ThusAt, the mapping frontto ¢ , can be decomposed to a Atg(t) = kt' — kt between twak!” level ellipses can be

tanu) —u.  (14)

set of values/\t;,, whereAt,, is the mapping front to ¢ decided. The parameter mapping between the two object
in the k" level and the mapping should be decided by the contours will be solved if all\t(t) in different levels are
shapes of these twid" level ellipses. composed to a single mappidg(¢). In practice, the num-

Given thek!” level ellipsec;, of the before-motioncurve  ber of decomposed levels must have an upper lihit.e, a
and thek" level ellipseé, of the after-motion curve, the  curve(z(t),y(t)) is approximated byH ellipses. The ma-
semi-major axis lengths and semi-minor axis lengthgiof  jority shape information is encoded at the lower frequency



Fig. 4. The recovery error is decreased when the number of
total frequency levels involved is increased.

levels and increasingf will give a more accurate descrip-
tion of the curve shape. Therefore, the mapping froto
¢ in lower frequency levels contributes more to the overall
mapping.

Based on above observations, for two curfegs), y(t))
and(z'(t'),y (¢ )) which are approximated b¥ ellipses

respectively, we define the mapping between their parame-

ters by composing parameter mapping from leved H:

H At (1)
k=1 k

H

This definition combines information from different lev-
els and gives more credits to the lower levels. When the
number of total levels is increased, it should give more ac-

At(t) = (15)

curate mapping between two contours. This can be seen

from Figure 4 in which 6 frequency levels are used to re-
cover the point correspondence between two curves and th
recovery error is decreased when the number of total fre

guency levels involved is increased. These two curves and

the deformation between them are shown in the first row and
first column of Figure 5. More details about the experiment
are presented in Section 6.1.

4. MAPPING INVARIANCE

Equation(15) defines the correspondence between two curv
according to the correspondence information from ellipses
The correspondence recovery in our framework is based o
the shape and thus invariant to rigid transformation and th
parameterization start point. The translation component i
our case only changes the geometry center and keeps a
decomposed ellipses untouched. The effect of rotation an
parameterization starting point difference is discussed b
low.

4.1. Rotation

After Rotating curvez(t), y(t)) by an anglé, its k" level
ellipse will be:

9
(@) | ol Ax O cos (kt)
{yz@ } ‘”[0 By [P sin(et) | 19
wherer! = R - rj, and
cosf) —sinf
k= [ sinf  cosf } (17)

d

is the rotation matrix. One can see that after a rotation the
shape of thek*" level ellipse is not changed and only the
angle between thg!" level ellipse and its standard ellipse
has been changed. This change will not affect our corre-
spondence recovery.

4.2. Starting Point
If the parameterization starting point of curfegt), y(t)) is

displaced by a valug, this curve can be written s (t*), y* (t*))
which is the same curve ds(t), y(t)) except that it has a
different parameter®. The new parameter and the origi-

nal parametet has the relationship:

t=1t"+ A\ (18)

v ipsee; s urve wi W -
Thek!" level ellipsee; of the same curve with new param

[ )

[ Y (tY)

&) has the same shape as the origiti4l level ellipseéy;
i.e, they correspond to the same standard ellipse. eBut
has an additional phase shifh compared withe;,[11][10].
Then in thek!" level, compared with the original mapping
At the new mapping\t™ is:

A bz

dy

cos (kt*)
sin (kt})

o
by
Ck

(19)

At () = Aty(t) — k. (20)

E‘Substitute Equation (20) into Equation (15), we get:

AN = At(t) — A (21)

Thus, a displacementof the parameterization starting point

gives a displacemenitin the recovered parameter mapping.

5. IMPLEMENTATION

el% decide the upper limifH of decomposed ellipse lev-

els, we compare the similarity between tw8" level el-

glipses of the before-motion and after-motion curves. Define

ri. = A/Bg andr, = A, /B,. If ri./r,, < v wherey is

threshold, thé*" level is taken into account for the pa-
ameter mapping. In general, ellipses of before-motion and
after-motion curves are similar in some low levels and they
are different to each other when the level is high.

6. EXPERIMENTS AND ANALYSIS
6.1. Synthetic Data
After a shape template is chosen, two different nonrigid
transformations are used to warp it to its correspondireg-aft
motion curve. The first transformation we applied is an
affine motion. The second transformation we used is the
Gaussian Radial Basis Function(GRBF) [8], so that more
complex nonrigid deformation is presented between therbefo
motion and after-motion curves. The coefficients of the
GRBF were sampled from a Gaussian distribution with zero



Shape 1| Shape 2| Shape 3
Affine | 062 0.93 0.81
ot GRBF 0.81 1.36 1.57
d Table 1. Mean distance errors(in pixels) of the synthetic
experiment.
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Fig. 6. First experiment on real motion. (a)Before stretch-
ing. (b)After stretching. (c)Recovered correspondenice, ¢
cles and stars are landmarks.

mean. The error is defined as the mean distance between the
recovered corresponding points and the true corresponding
points in the warped(after-motion) curve.

Three shapes are shown in the synthetic experiment. The
first curve is a relatively simple shape and the last two are
more irregular. The results are shown in Figure 5. Every two
rows in Figure 5 belong to the experiments on one shape.
For each shape, the first row is the affine transformation
and the second row is the GRBF transformation. Each row
has two parts. The left part shows the shape template(dot)
and its warped curve(cross). The deformation is also shown
in this part. The right part is the comparison between the
recovered correspondence points(circle) and the truecorr
sponding points(cross) in the warped shape. Table 1 lists
the recovery errors of all synthetic experiments.

6.2. Real Nonrigid Mation

Our method has also been tested on shapes undergoing real
nonrigid motion. In the first experiment, the shape is a char-
acter "D” on the surface of a balloon and the motion is cre-
ated by stretching the balloon around the shape unevenly.
The "D” shape before and after stretching is shown in Figure
6(a) and (b) respectively. The boundary of the shape is ex-
tracted with a parametrically deformable model [13] which
will give us the necessary Fourier parameters directly af-
ter the boundary finding. Seven landmarks along the shape
edge are manually drawn on the balloon surface to supply
reliable correspondence information. For each landmark
point in the before-stretching image, the distance between
the recovered corresponding point and the true correspond-
ing landmark in the after-motion image is calculated. The
Fig. 5. Synthetic experiments on 3 different shapes. Seemean value of alf distance errors is then used to verify the
Section 6.1 for details recovery result. The shapes and recovered correspondences
of 7 landmarks are shown in Figure 6(c). Circles and stars
in this figure are landmarks. The mean distance error here




[ Experiments | 1 [ 2 [ 3
| Recovery Error| 1.58 | 1.61 | 1.12 ]

Table 2. Mean distance errors(in pixels) of the experiments
on real nonrigid motion.

Fig. 8. The third experiment on real motion. (a)Before
pushing. (b)After pushing. (c)Landmarks and recovered
correspondence.

(b) (€)
. . . [4] P.J. Besl and N.D. McKay. A method for registration
Fig. 7. .The second expenment on real motion. (a)Before of 3-d shapesPAMI, 14(2):239-256, February 1992.
stretching. (b)After stretching. (c)Landmarks and recov- [5] H. Chuiand A. Rangarajan. A new algorithm for non-
ered correspondence. figid point matching. INCVPROQ pages I1:44-51,
2000.

[6] J.S. Duncan, R.L. Owen, L.H. Staib, and P. Anandan.

is estimated as 1.58 pixels. Measurement of non-rigid motion using contour shape

The change of the "D” shape is not only caused by the descriptors. ICVPR91 pages 318-324, 1991.
imposed nonrigid motion but also by the projective distor- [7] J. Feldmar and N.J. Ayache. Rigid, affine and lo-
tion of the camera. Images in Figure 6 are scaled, hencethe  cally affine registration of free-form surfacesICV,

visual nonrigid motion between shapes may look smaller 18(2):99-119, May 1996. . o

than what is actually imposed. But the shape difference is [8] M. Fornefett, K. Rohr, and H.S. Stiehl. Elastic regis-

still obvious in Figure 6. tration of medical images using radial basis functions
The second and third experiments on real motion are ;vgggcompact support. ICVPR99 pages I: 402-407,

shown in Figures 7 and 8 respectively. Motions for these
two experiments are created by stretching a balloon and [9] C. Kambhamettu and D.B. Goldgof. Curvature-based
pushing a ball respectively. The correspondence recovery ~ @Pproach to point correspondence recovery in confor-
errors for all three experiments are shown in Table 2 from mal nonrigid motionCVGIP, 60(1):26-43, July 1994.
which we can see the correspondence recovery errors arél0] F.P. Kuhl'and C.R. Giardina. Elliptic fourler features
very less and comparable to the image resolution. of a closed contourComputer Graphics and Image

Processing(18):236—258, 1982.
7. DISCUSSION AND FUTURE WORK [11] C.S. Linand C.L. Hwang. New forms of shpae invari-

A novel method for point correspondence recovery between ants from elliptic fourier descriptorsPattern Recog-
closed planar contours is proposed in this paper. Although nition, 20(5):535-545, 1987.

we have achieved a low pixel error in the point correspon- [12] D. Meier and E. Fisher. Parameter space warp-
dence estimation in our experiments, a better but still sim- ing: Shape-based correspondence between morpho-

ple correspondence correspondence recovery algorithm be- logically different objectsMedimg 21(1):31-47, Jan-
tween ellipse will surely improve the proposed method. More uary 2002.

importantly, improvement of the heuristic about the compo- [13] L.H. Staib and J.S. Duncan. Boundary finding

sition of mappings from different Fourier frequence levels with parametrically deformable models. PAMI
will contribute more to the proposed framework. 14(11):1061-1075, November 1992. '
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