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Abstract respondence ambiguity due to the surface complexity and

We present a spline-based nonrigid motion and point corre- the nonrigid property of motion. These constraints are usu-
spondence recovery method for 3D surfaces. This method isally introduced by comparing some shape properties such
based on differential geometry. Shape information is usedas curvatures and unit normals, of the before-motion and
to recover the point correspondences. In contrast to the after-motion surfaces. Generally, there are two appraache
majority of shape-based methods which assume that shapéo compare shape properties: the direct shape-based,eand th
(unit normal, curvature) changes are minimum after mo- “nonrigid” shape-based approach.

tion, our method focuses on the nonrigid relationShip be- Before discussing these two approacheS, we rst intro-
tween before-motion and after-motion shapes. This non-duce some notations used in this papedenotes the before-
rigid shape relationship is described by modeling the un- motion surfaceX is the after-motion surface. andn®de-
derlying nonrigid motion; we model it as a spline transfor- note the unit normals of the before-motion and after-motion
mation which has glObal control over the entire motion eld surfaces respective|y_ and 0 are the curvatures of these

alOﬂg with the local deformation integrated within. This two surfaces respectivehﬁ denotes the disp|acement be-
provides our method certain advantages over some pure dif-nween these two surfaces.

ferential geometric methods which also utilize the nomtrigi
shape relationship but only work on local areas without a .
globpal control. F(E)r examp)lle, motion regularity is hard to 1.1. The Direct Shape-based Method

implement in these pure differential geometric methods but!n general, the direct shape-based method assumes among
is not a problem when the motion eld is controlled by a all possible displacements, the one that minimizes the fol-
spline transformation. Furthermore, the small deformatio lowing objective function (or part of it) as the correct esti
constraint introduced by the previous works is relaxed in Mate for point correspondences:

our method. 7 7

Experiments on both sy.n.thetic and rgal_motions hgve Lf X °(X +9)g?+ »  fn(X) n%X+S)g?
been conducted. The quantitive and qualitative evaluation X X
of our method are presented in this paper. (1)

where 1 and ; are the weighting parameters.

. ) 1. ',NTR_ODUCTION The above objective function is based on the invariance
Nonrigid motion estimation and point correspondence re- ot e shane properties (unit normal and curvature). In,[17]
covery has many important applications such as in medi-ihis shape invariance is combined with geodesic distance
cal image registration, face modeling and remote sensing, getermine point correspondences between surfaces. In
Among the numerous motion and correspondence estimary] the curvature invariance is used to measure the motion
tion approaches, shape-based methods have been extensive); qeformable objects. The shape invariance properties are
studied by several researchers. Advantage of shape-basegiso used in [8], which is based on the popular ICP[3][19]
methods compared to other approaches sughgsically-  eqistration method but has been extended to the nonrigid
based methodss that motion is estimated solely from the gy ation. Some other examples of the direct shape-based
visual data. _ _ . _ method are [16][14].

. Although shape mformatpn p.rowdes basis for the mo- The assumption of the direct shape-based method is that
tion and correspondence estimation problem, different con the shape properties do not change (much) after motion. But
straints still need to be applied to avoid the motion and cor- curvature and unit normal are only rigid invariants; in nbn—

This research was funded in part by NIDCD/NIH grant numbet RO r?g@d mOt_ion Situatior?’ shape_ properties vary, making the
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1.2. The Nonrigid Shape-based Method formations in [12] and [13], it is more complicated to com-
Different from the direct shape-based method, the nonrigid bine the nonrigid Gaussian curvature relationship de med i
shape-based method [10][11] [12][13] starts from shape re-a local coordinate system with a single spline-based motion
lationships between the before-motion and after-motien su  eld over the whole surface and is still ongoing research.
faces. The relationships are not based on simple invariance 2 BACKGROUND

but they are based on the underlying nonrigid motion and |, ;g section we present the background for the unit nor-
geometric properties of surfaces. Among given correspon- ., changes under nonrigid motion. Let= [u;v;w]"
dence hypotheses on the after-motion surface, the nonrigid(usually we can writav = f (u;v), thusr can b’e ’repre—
shape-based method tries to nd the corresponding pointSented in the parametric form= r (u; v)) denote a pointin

for each point on the before-motion surface by Selecting yhe |oca| coordinate system which is de ned for each point
the hypothesis which best ts a pre-de ned nonrigid motion of interest on the before-motion surface. Is¢t) denote

model. the displacement function in the local coordinate system;

The s_hape re!ation_ship used in the nonrigid shape-baseq,o corresponding point ofon the after-motion surface can
method is described in a local coordinate system. Thus,,o qened ag®= r + s. The motion estimation problem

the motion models in [10][11] [12] and [13] are all de ned 1\, hecomes the problem of nding the best displacement
in different Ioca_LI coordinate systems fo_r_diffe_rent poiats s(r) for each point of interest.
the before-motion surface. These de nitions introducead tw LetE. F. G denote the coef cients of the rst fundamen-

problems. First, the motion de ned in the local coordinate 5 form of a surface. They can be represented by the tangent
system has no explicit physical meaning. Second, the MO~ectorg  andr,,, which are the differentials af(u; v) with
tion consistency over the entire motion eld as a whole can- respect to parameteusandyv.

not be guaranteed with local motions de ned in different

local coordinate systems. E=r2, F=ry ry; G=r2 (2)

1.3. Our Approach , . L =
The basic idea of our approach is simple: model the non- ~ From differential geometry, the discriminadt= = EG ~ F?
rigid motion using asingle GRBF(Gaussian Radial Basis denotes the unit area of the surface anduthitnormalat a
Function) transformation for all points on the before-ronti ~ 9IVén pointis:

surface but still utilize the nonrigid shape relationshé d n= iru ry: (3)
ned in thelocal coordinate system. In addition, relax small . D
deformations constraint to allow higher deformations. fehe The unit change to the surface area, also known as the
are several advantages of our method: modulus of dilation, is de ned as:
0
The small deformation constraint is relaxed. = b- b (4)
D

The nonrigid motion is represented by a spline-based
displacement eld. It imposes an implicit smooth-

ness on the motion and additional regularization is not
necessary in most situations [15]. It also removes the
need for correspondence hypotheses for each point on

whereD ?is the discriminant of the after-motion surface.
With orthogonal parameterization which implies= 0,
the motion divergence is:

the before-motion surface, which is computationally divs= =ry Su+ Srv S (5)
expensive and dependent to the hypotheses of neigh- o ) o

bor points. By omitting the high orders of motion, it is shown[18][12]:
The spline-based displacement eld provides an ex- = divs: (6)

plicit representation of the nonrigid motion over the

Theunit normalof the after-motion surface is:
whole surface.

n® = L(ry+s v+ Sy
The orthogonal parameterization requirement of the = D°(1 ’ (r 2 r (+Vr )Sv+ su ry): (7)
.. . .. . D(1+ ) u \ u u \
nonrigid shape relationship is easy to meet in our method,
while other nonrigid shape-based methods havetoap- |t can be shown[18][12] that:
proximate the orthogonality (see details in section 2).
2(ry sy+sy ry) = ndivs n rots 8
In this paper, we present our approach for the nonrigid = n n rots (®)

unit normal relationship between the before-motion aneraft

motion surfaces. Though the nonrigid Gaussian curvature ~ Where

relationship for nonrigid motion estimation and point cor- 1 1

respondence recovery has been developed with local trans- rots = Eru Sut arv Sv: 9)



Thus Eq. 7 can be expressed as:

_n_ n_
o Tots
n 01Ok

no

+
n (10)

The above equation is the basic nonrigid shape relation-
ship we used in this paper. Note that the previous nonrigid
shape-based method[10][11] [12] and [13] has an additional
approximation 1, which leads to the nonrigid shape re-
lationship for small deformation:

n=n n rots (11)
For convenience, léd denoten rots: A = n  rots.
It can be further developed as:
A = n (Elru Su + érv Sv)
= %n (ru su)+ én (rv sv)
= &2 s)ry E(nory)sut (0 osy)ry
é(n rv)sy

£(n syry+ & sy

(12)
In the above equation, the fourth equality is due to the fact
thatn is orthogonal to both, andr,.

Note that the crucial requirement of Eqs. 10 and 11
is the orthogonal parameterization. This requirement can-
not be guaranteed for a given arbitrary coordinate system
The general solution to this problem is constructingyia-
cipal local coordinate systemt each point of interest[1]. In
this coordinate system, tteaxis is collinear to the unit-
normal, and the other two axes are at the principal direc-
tions of the point of interest. Orthogonal parameterizatio
can be guaranteed for the point at which phimcipal local
coordinate systernis computed but the parameterizations of
the neighbors inside a local patch around the point of inter-
est are still nonorthogonal in thigincipal local coordinate
system Some previous nonrigid shape-based methods [12]
omit the problem by assuming the orthogonality at neigh-
bors inside the local patch and a curvilinear orthogonaliza
tion method has been introduced in [13]. For the approach
introduced in this paper, the local patch around each point
of interest is not required for the motion recovery and only
the orthogonal parameterization at the point of interest is

(TPS), Multiquadric, linear or Gaussian[9][2][4]. Compdr
with other RBFs, Gaussian radial basis function (GRBF) is
localized in scope and gives a signi cant response only in a
neighborhood around each control point. It is more biolog-
ically plausible since its response is bounded.

The GRBF function interpolates the displacements at
intermediate points using the displacement values at given
control points. In 3D case, a GRBF of the displacerhent
eld is composed of 3 functions in the y andz dimension
respectively, which is as follows:

2 P, )
P k=1 kO(rg) + a1 + bix + cy + diz
S(X)=4 p (1 kO(rg) + az + bpx + oy + daz 5
ker kO(rQ) + ag + bex + Cay + dsz

(13)

The linear part in each dimension (e¢.+ by x + c1y +
d1z for the x dimension), is a global af ne transformation.
The remaining part is a local non-af ne deformation. It is
the sum of a weighted elastic basis functgfn?) = e re=
wherery denotes the distance from the point of interest to
thek™ control point. is the Gaussian locality parameter.

k are the weighting parameters. In our current implemen-
tation, them control points are the set of points regularly
subsampled on the surface.

Note that the single GRBF displacemehis de ned
over the whole surface, thus it is represented on the world
coordinate system. While the relationship between uni nor
mals of the before-motion and after-motion surfaces only
holds in theprincipal local coordinate systeroonstructed
at each point of interest, an additional step that transorm
the displacemen$ in the world coordinate system to the
displacemens in the principal local coordinateis neces-
sary. For each point of interest, given the unit normahs
thez axis and two principal directiorrg andr , as the other
two axes of theprincipal coordinate systena rotation ma-
trix that transforms (omit the translation) a coordinatepo
from the world system to the local system can be de ned:

R=[riron]": (14)

Thus the displacemeftde ned in the world coordinate

system can be transformed to fréncipal local coordinate

needed so that the orthogonal parameterization problem folsystenwith this rotation matrix:

the local patch is avoided.

3. NONRIGID MOTION MODELING: GRBF
One natural way to utilize Eq. 10 is to de ne different lo-
cal motions in different principal local coordinate sysgem
constructed at different points of interest. In this paper,
introduce an alternative way to represent the nonrigid mo-
tion eld, GRBF (Gaussian Radial Basis Function) trans-

s(r) = RS(X) (15)

4. MOTION RECOVERY
The motion estimation problem now becomes recovery of
the GRBF displacemer8 de ned in Eq. 13. Parameters

formation. The radial basis functions provide both global
and local control of deformation. It has been widely used
in computer vision and medical imaging, such as image
registration[4][9], image warping[2] and surface reconst

tion [5]. The basis function of RBF can be thin plate spline

1In this paper, we use the terrdisplacemenandmotioninterchange-
ably.

2At a given point, unit normah has different values in the world and
local coordinate systems. We do not explicitly distinguisése two values
with different notations. The meaning nfdepends on the context; same
for then®.



of this displacement can be represented I3fra +4) 1
dimensional vector:
P = [P P2 Pa]" (16)
where
Pr = [ 1 m a1 b ¢ di]
P, = [ 1 m & b o dj (17)
Ps3 = [ 1 m a3 b c3 d3]

We can re-write5(X ) ands(r) asS(X; P) ands(r; P)
and the Eq. 10 now can be expressed Withs the unknown
parameter:

A(r;P).

n%r + s(r;P)) = n(r) 1T

(18)
We now recover the displaceme®by minimizing the

following SSD error:

A(r;P)
1+

X
ERR(P) =
X

(nXr+s(r;P)) n(r)+ )? (19)

Similar to [6], the parameter vectBrthat minimizes the

The Jacobian matrices sf ands, then are as follows:

3
R11U RpU RgizU
Jp(su) = 4 RaU RpU RxpU S
2 RaiU RpU  RgsU g (24)
R11V  RpV RV
Jp(sy) = 4 RuV RpV RpV S
R31V  RszV  RsV
whereR; is the element of matriR at thei®™ row andj ™
column.U andV are:
u = g(r%)u g(rrzn)u 0 Xu Yu 2z
vV = g(rf)\, g(rrzn)v 0 Xv W 2y
(25)

4.2. Approximation of nqr + s(r; P))
The rst order Taylor expansion afY(r + s(r; P)) around
Pg is:

nor+s(r;P))= n%r+ s(r;Po))+ 5n%p (r%P PO)
(26)

where5 n%is the rst order derivative of the unit normal

of after-motion surface at poinf = r + s. Jp(r9 is the

above SSD error is estimated using the Gaussian-Newtornjacobian matrix which is the matrix of partial derivativés o

minimization technique. At each iteration, we linearize th
terms in the parenthesis of Eq. 19 by approximatifig +
s(r; P)) andA (r; P) with their Taylor expansions.

4.1. Approximation of A(r;P)

Let Py denote the parameter vector recovered from the pre-

vious iteration or the initial value at the rst iteration.h&

rst order Taylor expansion oA (r; P) aroundPq is:
A(r;P)= A(r;Po)+ Jp(A)(P  Po)  (20)

wherelp (A) is the Jacobian matrix which denotes the ma-

trix of partial derivatives ofA with respect to the compo-

nents ofP. Recalling the de nition ofA in Eq. 12, we

have:

Jp(A)= 2(0() Jp (st S(0() Jp ()1 (21)

Sinces, = RS, ands, = RS,, we can writes, and
Sy as:

Pm ) 3
P k=1 kg(rk)u + blxu + Ciyu + dlzu

su = R4 p anl kg(rﬁ)u + Xy + Coyy + dozy O
km:1 kg(rﬁ)u + bexy + c3yy + dazy

(22)

2 P, ) 3
P k=1 k9(rg)v + buxy + ciyy + dizy

sy = R4 P km:1 kO(rd)v + Xy + Coyy + oz, O
rer kO(ré)y + bexy + Cayy + dsz,

(23)

the displacemerd with respect to the componentsf
From the relationship betweerandr®

r°=r+s=r+RS (27)
We can get the expressiond$ (% as follows:
Ri1H Ri;2H R3H
Jp(r) = 4 RyH RpH RpH S (28)
Rs1H R3H RssH
where
H = go(}) ory) 1 x y z (29)

4.3. Unit Normal Equation
Using the approximations & (r;P) andnYr + s(r;P))
de ned in Egs. (20) and (26) respectively, we have:

p .
« INAr + s(r; Po)) AlriPo)

+(5n%p (r9+ A

ERR(P) n(r) +

)P Po)l%:
(30)
The above least-squares problem leads to the following
equation at each point of interest:

Jr (A)
1+

n(r) +

(5 n%p(r9
n%r + s(r;Po))

(P Po)=
A(r;Po).
1+ '

(31)



4.4. Additional Constraints
To recover the correct motion parameeradditional con-

straints are required in addition to the unit normal constra
First of all, the RBF compatibility constraint[9] is:

P P

pgzl k = 0 ; pgzl kXk, = 0

Pici k = 0 5 pig W = 0 (32)
k=t k= 0 k=1 kZ =0

where (Xk; yk; zk) is thek™ control point on the before-
motion surface.

This RBF compatibility constraint guarantees that the
RBF is af ne reducible, i.e. the RBF is purely af ne when-
ever possible.

The above constraint can be re-written for the motion
vectorP as:

Vii(P Po) = 0 ; V(P Po) = 0
Voi(P Pg) = 0 ; V(P Pg) = 0 (33)
Vai (P Pg) = 0 ; V(P Pg) = 0

where the vector¥ ;i = 1;2;3,j = 1,2 can be easily

deduced from the de nition oP and Eq. 32. For example:

zfi 4
Vi = [il_’{LZO_?]Vlz =

3(m+4)

Dl X 0;
MR

?] (34)

3(m+4)

Eq. 35 in the form oP is zg
and can be further developed as:

QP Po)=12z0 X(XY)

(X(x;y)+ QP) =0

QPo: (37)

4.5. Recovery Solution
Combining linear Eqgs. 31 and 37 at each point of interest

and the RBF compatibility constraint, Eq. 33, the nal lin-
ear equations are:
B(P Pp)=A: (38)

Suppose the number of points of interegt iand recall that

m is the number of control points. In the above equation, A
isa(4n+6) 1dimensional vector (three equations from
Eq. 31 at each point of interest far y andz dimensions,
respectively) and each row of A is the right part of Eq. 31,
370r33. Bisa4n+6) 3(m+4) dimensional matrix
and each row of B is the left part of Eq. 31, 37 or 33 without

Po.

Given different weightsvy; wo; ws to the unit normal,
distance and RBF compatibility constraints respectivbly,
above linear equations can be solved agegghted least-
square(WLSproblem:

P Py=(BTWB) BTWA: (39)

Second, a distance constraint is necessary. Though the

undergoing nonrigid motion is a 3D motion, the before-
motion surfaceX and the after-motion surfacé® indeed
are 2D manifolds. It is a crucial requirement that the 3D
motion transforms one point 0% to the 2D manifoldX °.

To simplify the problem, we assume bothandX °to be the
Monge form surfaces which means pointXnandX ° can

be represented &s; y; X (x;y)) and(x%y% X q(x%y9), re-
spectively. If a 3D GRBF displacement at the point of in-
terest(x;y; X (X;y)) isS = (S1;Sy; S3), the distance con-
straint is:

XUAx+ Sy +Sp) (X(%y)+ S)=0:  (35)

In the above equatioX (x + S;;y + Sp) is the trans-
formedz value according to the displacements in xhand
y dimensions, whilgX (x;y) + S3) is the transformed
value decided by the displacement of th@imension. Min-
imization of the difference between these two values guar-
antees that a motion in 3D can transform one 2D manifold
to another.

The distance constraint can also be re-written into a lin-
ear equation witP as the unknown. One more approxima-
tion is made here: Thevalue, X {x + S;;y + Sy) on the
deformed surface is approximated to #healuez, obtained
from the previous iteration. Recall the de nitions 8fand
P, Sz in the form of P is S3 = QP whereQ is de ned as:

2 2y

Q=1[0;:50,0;:;0;9(r2); :g(r2 ) Lix; v X (% y)I:
(36)

W isa(d4n +6) (4n+6) dimensional diagonal matrix
and the diagonal value at each row\f is wi,w, or ws
decided by the corresponding rowsAnandB .

Note that the distance and RBF compatibility constraints
have to be satis ed at any time to guarantee the right behav-
ior of the recovered motion vecté® while the unit nor-
mal constraint leads to the correct point correspondence by
disturbing the value oP at each iteration. We can easily
decide the relationships between weighting parameters as:
Wo W1 ; W3 Wiq.

Starting from some motion and correspondence initial-
ization, the motion vectd? can be recovered by iteratively
solving Eq. 38.Pg at each iteration is the motion vector
recovered from the previous iteration or the initial valie a
the rstiteration. We stop the iteration when the SSD error
de ned in Eq. 30 stops decreasing or the iteration exceeds
a pre-de ned threshold.

5. EXPERIMENTS
5.1. Synthetic Motion
The synthetic experiments are rst conducted to evaluate

the performance of our algorithm quantitatively. Given the
before-motion surfacX = (x;y; X(x;y)) and the after-
motion surfaceX © = (x%y% X q(x%y9), we ran our algo-
rithm to recover the correspondence and compare the re-
sult with the ground truth. The initial motion is given by a
trivial correspondencevhich is de ned asx® = x, y° =

y andz® = X9Yx%y9. Two numerical criteria are used
for evaluation. Thecorrespondence errois computed as

Cer = jjp° pYj and theimprovement raticis de ned



Fig. 2. The convergence of the algorithm. The deformation
parameters in this experimentage=1:15, y = 1:18and
,=1:2.

134 115 1d6 117 118 119 12

Fig. 1. (a)Correspondence errors. (b)Improvement ratios.

as imp ratio %ﬁ.ﬂ For a pointp on the
before-motion surfacgis its true corresponding point on
the after-motion surface is the initialtrivial correspon-
denceand p{ is the recovered corresponding point. The @t; (b) to
correspondence erraneasures how far away the recovered
correspondence is from the true corresponding point. TheFig. 3. The left stereo images at time instantgandt, of
improvement raticchows the relative improvement of error  the paper bending experiment.
over thetrivial correspondence
We show our results on the surfake(a Monge patch)
( 60 x 60, 60 y 60 ofan ellipsoid with semi-
axes lengtha = 120;b = 110; ¢ = 90. The after-motion
surfaceX % is obtained by scaling with different param-
eters 4, y and ;, for thex, y andz dimensions, respec-
tively. Thus the displacement betwe¥randX °is known if _from the before-motion surfacé with = 1:15, , =
we know the§e scaling parameters anq we represen_t the dIS‘1:18and ;2 = 1:2. One can see that the algorithm converges
placement with a GRBF. The synthetic experiment is con- steadily.
ducted for several situations, = 1:15, = 1:18are xed 52 Real Motion
while  is varied froml:1to 1:2with a stepd:01 The cor- g\ 4jation of shape-based motion analysis methods applied
respondence was recovered for these eleven situations. to real motion is always dif cult due to the lack of ground
The results of our algorithm are also compared againstiryth. Some researchers use markers [13] for Cyberware
Wang's shape-based method[17]. Wang's method combinesgata as the ground truth for comparison but Cyberware data
Euclidean distance information with the dif‘ferential—gmiric may not be practica| for natural nonrigid motions (each scan
information including unit normal and Gaussian curvature. of Cyberware takes 60 seconds - this is a ||m|t|ng factor
Each modality is compared between the before-motion andfor continuous nonrigid motion acquisition). We present an
after-motion surfaces. For fair comparison, we incorpdrat alternate method in this paper to capture the real motion as
direct comparison of Gaussian curvature into our methodthe ground truth and evaluate our motion analysis method
in the experiments. We also recover the correspondenceyuantitatively with the obtained real motion.
with Eq. 11 which is used in the previous nonrigid shape-  The whole process of the real motion analysis proceeds
based method[10][11] [12][13] for small deformation anal- as follows: First, the real motion of an objegtis recorded
ysis. For convenience, we refer the algorithm using Eg. 11 by stereo |mag|ng at two time instandgsandt,. Second,
assmall deformatio(SD) method. some feature points @& are selected and the 3D positions
The initialcorrespondence erroysecovereaorrespon- of these features are reconstructed from the stereo images
dence errorof our method, Wang's method and SD method for t; andt, respectively. We now have two sets of 3D
are shown in Figure 1(a). The improvement ratios of these pointsd; andd, which are 3D positions of the same feature
three methods are shown in Figure 1(b). One can see frompoint set but at different time instanciesandt,. Thus the
these two gures that our method outperforms both Wang real motion ofB from timet; to t, can be represented by
and SD method. It maybe noted that Wang's shape-basedhe motion betweed; andd,. At the third step, we map
method has similar performance as our method and SD mettdidto a point setD; which is on a surfacX. The same
only when the motion is close to being uniform, indicat- mapping can also brind, to another point seD, which
ing that Wang's method works better for uniform than non- is not necessarily on the surfae At the fourth step, we

uniform motion. This is expected since unit normals do not
change when the motion is uniform.

In Figure 2, the cost at each iteration is also shown for
one test. The after-motion surfa¥din this test is deformed
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Fig. 5. The left stereo images of a face. Feature points are
Fig. 4. Paper bending experiment. The recovered displace-marked.
ment(solid) and the ground truth of the displacement(dash)

resolve the motion betwedh; andD,. Note thatB andX

are in different spaces. This resolved motionisthe mapping | . .
of real motion ofB from the space oB to the space of ST RN
X. Finally, we apply the resolved real motion to the whole (a) Paper bending (b) Smile () Open-mouth

surfaceX in order to get a deformed surfage’. Starting
from thetrivial correspondenceswe estimate the motion
and point correspondences betweeandX °and compare
them with the known real motion for evaluation.

In the remaining part of this section, we present how we points and these recovered 3d feature points are mapped to
map the real motion and the evaluation results. X and correspondin © is obtained according to the real
5.2.1. Real Motion Mapping face mqtlon. The left stereo_lmages at the neutral |n.stamce i
The 3D point set and the destination surfage are rst ~ Snown in Figure 5(a). A smile and an open-mouth instance
both projected to thery plane. By nding the minimum '€ shownin 5(b) and (c), respectively.

Fig. 6. Correspondence errors.

and maximum values in theandy dimensions, a rectangle In total, ve deformations are tested for paper bending.
L is de ned ford;. A destination rectanglex is de ned The initial trivial correspondencerrors, recoveredorre-
for X in the same way. The mapping betweenand x spondence errorby our method and SD method are shown

can be easily solved by a transformation including transla- N Figure 6(a). Results for these ve small-to-large paper

tion and scaling. The transformation is also the mapping bending deformations are shown from left to right. In all
from d; to X in thex andy dimensions. With the Monge situations our method is better than the SD method. As the

form assumption oK , the mapping frond; to X in the deformation increases, correspondence error increases fo
7 dimension is also known which means we obtained the Poth methods but the error of SD method increases faster
mapped surface point sBY; for d;. A 3D GRBF transfor- than our method as expected. This shows that the small de-
mation betweeml; andD1 is then solved and used to map formation requirement of Eq.11 is relaxed in Eq.10, which
d, to its destination point s&. is used in our method. Correspondence errors of ve small-
The nal step to map the real motion to the space of to-large smile and ve small-to-large open-mouth deforma-
X is to resolve the motion betwedd; andD,. Since  1ions are also shown from left to right in Figure 6(b) and
we are interested in the nonrigid motion, the global rigid (C): respectively. Similar results as the paper bendingexp
motion betweerD; and D5 is rst removed with a rigid iments are observed in smile and open-mouth experiments.

registration[3]. The real motion betwed&y and (rigidly The recovered displacement and the ground truth dis-
registeredD, is then solved as an af ne which is applied placement of one instance of paper bending deformation are
to X to get the deformed surface’. projected to they plane and shown in Figure 4. Two things

) _ _ are worth mentioning here. First, our recovered displace-
5.2.2. Evaluation with Real Motion ment is very close to the ground truth. Second, the mapped
_In the real motion evalua_ltlon e>_<per|ments_, the surice motion belongs to the real paper bending motion: the large
is the same as we used in previous experiments. The ISty 4ing near the left and right sides, and the small bend-

evaluation is conducted with the paper bending motion. The, . i, the center of the paper are exactly represented by the
left stereo images at time instandgsandt, of one paper mapped motion on the surfaxe

bending motion are shown in Figure 3. We also evaluated
our algorithm with two types of real face motions. Firstis 5.3. Cyberware Data

the motion from a neutral to a smile face and the secondOur method is also tested on a Cyberware range data set
is from the neutral face to an open-mouth face. The facewhich consists of a neutral (Figure 7(a)) and a smile (Fig-
motion is still represented by the motion of some feature ure 7(f)) face. Because of the lack of ground truth infor-
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