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Abstract

In this paper, we propose an algorithm to resample
coarse vector fields in order to obtain vector fields of a
higher density. Unlike the typical linear interpolation
scheme, our algorithm attempts to identify streamline
characteristics in the flow field, and uses local polyno-
mial parameterization of the flow to perform interpola-
tion. Quantitative validation of the streamline oriented
algorithm indicate that the Mean Square Error of the
flow field obtained is more accurate than those obtained
by bilinear interpolation schemes.

1. Introduction

Estimation of the apparent motion between time-
lagged pairs of images has been an active area of re-
search in computer vision. The algorithms that have
evolved over the years can be roughly classified into 1)
feature based, 2) gradient based, and 3) region based
- depending on the way the motion is estimated. Fea-
ture based techniques can estimate large motion but pro-
vide sparse measurements. Gradient based mechanisms
compute dense motion but are accurate only under the
assumption of extremely small motion. Region based
techniques provide an intermediate level of motion es-
timation density as the computations typically occur at
specific grid locations on the image ([1] and references
therein). In this last case, the estimation proceeds by as-
suming that the motion of pixels between grid locations
are uniform. Due to the ease of hardware implementa-
tion and the parallelizability of region based techniques,
these techniques are predominant among present day
video encoders [4].

The biggest drawback of the region based scheme is
that motion is assumed to be uniform between gird loca-
tions, which might not hold up in reality. The simplest
means of obtaining motion at non-grid locations is by

linearly resampling the motion from the grid locations
[5]. By repeating this process across all grid locations
we can obtain a field that is denser than the original flow
field. For color pixels, bilinear interpolation is typically
used as a reasonably accurate estimate at non-grid lo-
cations. However, when resampling motion, the flow
specific characteristics typically tend to show a higher
correlation along the direction of flow lines than in any
other direction. Taking these characteristics into con-
sideration when interpolating a flow field might help
improve the estimation accuracy. In this paper we at-
tempt to describe an approach to interpolate flow fields
by capturing flow specific characteristics. We also show
that our algorithm produces a lower Mean Square Er-
ror (MSE) over bilinear interpolation, especially in the
presence of noise.

The organization of the paper is as follows. We first
describe the streamline algorithm that we developed.
Subsequently we apply our algorithm to synthetic data
sets to measure the accuracy of estimation under vary-
ing noise parameters and finally conclude with possible
future directions.

2. Description of the Algorithm

The basic premise for the algorithm to estimate par-
ticle streamlines comes from the Line Integral Convo-
lution (LIC) algorithm proposed by Lee and Cabral [2].
LIC was initially proposed as a tool to visualize high
resolution vector fields by computing the streamlines
from the vector fields. In the visualization scheme, the
streamlines were convolved with white noise such that
the correlation was only maintained along the flow.

The main goal of our algorithm is to compute local
polynomial approximations to streamlines using each
grid location as an anchor point. This allows the stream-
line contours to be extracted within a curvilinear coordi-
nate system along the flow direction. For the purpose of
our computation, we used the distance from the anchor



point as the parameter to specify the curvilinear coor-
dinate system. Using this parameterization, we defined
the polynomial approximation and its derivative as

x(s) =
N∑

k=0

aksk x′(s) =
N∑

k=1

kaksk−1 (1)

y(s) =
N∑

k=0

bksk y′(s) =
N∑

k=1

kbksk−1 (2)

where N is the order of the polynomial and s is the
“anchor length parameterization”. The main advantage
of using this parameterization is that the direction of the
streamline at the anchor location (s = 0) can be easily
computed as

θ = tan−1

[
y′(0)
x′(0)

]
= tan−1

[
b1

a1

]
(3)

and the corresponding unit tangent would be e =
[cos(θ), sin(θ)]. To obtain the motion field at a higher
resolution, we resample the polynomial coefficients, b1

and a1 to compute the directional components at non-
grid locations.

An overview of our streamline computation algo-
rithm is provided in Algorithm 1. The readers are urged
to note that (x, y)← (x, y)±e[x],[y]

Ω updates the current
location by taking a unit integer (“round operation”)
step in the positive or negative direction.
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Figure 1. Computation of streamlines us-
ing sample anchor points.

Figure 1 shows the process of estimating the stream-
line contour for a sample set of anchor points (small
dark squares). In our experiments, we used a 2nd and
3rd order polynomial for trajectory parameterization,
which appeared reasonable enough for our purposes.
The red lines in the figure are 2nd order polynomials
that define the most plausible flow direction at the cor-
responding black squares.

Algorithm 1 Computation of Vector Fields Streamlines

Input: uΩ ∈ Rh×w×2

eij
Ω ← uij

Ω/‖uij
Ω‖, (i, j) = {1 · · ·h} × {1 · · ·w}

L ←Maximum Length of the Integral Curve
for all (r, c) such that r = 1 · · ·h, c = 1 · · ·w do

x← c, y ← r, B ← [x, y, 0]
{Forward Direction +, Backward Direction -}
for k = 1 to L/2 do

(x, y)← (x, y)± e[x],[y]
Ω

if (x, y) is outside Ω then
break

end if
append

[
x, y,±√

(x− c)2 + (y − r)2
]

to B
end for
Sort the rows of B using column 3
s← B[:, 3], x(s)← B[:, 1], y(s)← B[:, 2]
x(s) =

∑N
k=0 aksk and y(s) =

∑N
k=0 bksk

for k = 0 to N do
A(r, c, k)← ak, B(r, c, k)← bk

end for
end for
Interpolate A, B and ‖uΩ‖
for all (r, c) such that r = 1 · · ·h, c = 1 · · ·w do

θ(r, c)← arctan
[

B(r,c,1)
A(r,c,1)

]
end for
Output: ‖uΩ‖ ⊗ cos θ and ‖uΩ‖ ⊗ sin θ where ⊗ is
element-wise multiplication.

3. Results and Analysis

We computed the accuracy of our algorithm with two
types of synthetic flow fields. The first set of paramet-
ric flow fields were computed as a function of the grid
locations while the second set were obtained from a so-
lution to the Navier Stokes equation of a “jet stream”
flow. The second set of images form the standard flow
fields that are used in measuring motion estimation ac-
curacy for Particle Image Velocimetry imagery [6].

3.1. Synthetic Flow Fields

The three synthetic flow fields that we used to com-
pare our algorithm against are

uij = yij vij = xij (4)

uij = xij cos(
yij

K ) vij = yij sin(
yij

K ) (5)[
uij

vij

]
=

[ −0.45 −0.55
0.85 0.15

] [
xij

yij

]
(6)

where xij and yij were the grid coordinates for the
flow field. In our experiments we used xij , yij ∈
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Figure 2. Synthetic flow fields (a) Diverging Flow (b) Sinusoidal Flow (c) Affine Flow.

{−32,−31 · · · 31} × {−32,−31, · · · 31} and K = 64
as shown in figure 2. In all the three cases, we repeated
the experiment 10 times for each value of σ to reduce
random errors. The schematic for the computation of
MSE with flow fields is shown in figure 3.

Figure 3. Error Analysis Flow

We compared two other algorithms against ours. The
first algorithm was the “imresize()” function from MAT-
LAB while the second algorithm was bilinear interpo-
lation obtained by computing the weighted average of
motion at grid locations. In both the cases, the resam-
pling was applied to the u and v components indepen-
dently. Due to limited space and the similarity of the er-
ror plots, only the errors estimated from the divergence
flow are shown. The other two error plots have profiles
similar to figure 4, wherein the order of accuracy of var-
ious algorithms was maintained along the same lines.
From figure 4, it can be seen that the bilinear interpo-
lation provides the ideal interpolation under low error
variances, but as error variance increases, the stream-
line based algorithms provide more stable resampling.

3.2. Synthetic Fluid Motion

For the second set of test cases, we tested the algo-
rithm against simulated fluid flow field1. The simulated
flow field is depicted as a “jet stream” in motion, and we
tested our algorithm against a few frames. The frames

1The synthetic fluid flow data can be obtained at http://piv.
vsj.or.jp/piv/image3d/image-e.html
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Figure 4. MSE for the diverging flow (Eq.
4) under varying noise.

that we selected for comparing the algorithms contained
significant non linear dynamics as can be seen in figure
5(a). The MSE for the flow field can be observed in fig-
ure 5(b) where the streamline based algorithm produces
a lower average error per vector.

3.3. Robust Estimation

One of the possible improvements that we attempted
was to use RANSAC [3] for robust computation of the
polynomial. RANSAC, however seemed to have some
problems at higher σ. Figure 6 shows the comparison
between the use of ordinary least squares (LSQ) and
RANSAC. It can be seen that the MSE obtained from
RANSAC is lower than the errors obtained from the
LSQ solution under lower error variances. However,
under higher error variances (σ ≥ 1.4), RANSAC is not
as effective in minimizing MSE. This counter-intuitive
finding might be a result of the iterative procedure em-
ployed in RANSAC, which attempts at maximizing the
number of inliers while eliminating outliers. Unfortu-
nately as the error variance is substantially increased,
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Figure 5. Synthetic Fluid Flow (a) Flow in
Frame #142 (b) Average MSE.

the proportion of outliers eliminated tend to result in
the higher MSE. In order to use a robust estimator that
might circumvent this problem, we are in the process
of incorporating an Iterative Re-weighted Least Squares
estimator, which would reduce the impact of outliers on
the estimation rather than eliminating them. This we
hope, would successfully ameliorate the problems with
the current robust estimator.

4. Discussion

The main disadvantage with our algorithm is its in-
creased time complexity when compared to the bilinear
interpolation scheme. This is because the computation
of streamlines at each grid location would constitute an
O(LN2) complexity compared to theO(N2) complex-
ity for bilinear interpolation (N2 refers to the number
of grid locations and L refers to the average length of a
streamline). Therefore, in a reduced noise environment,
the bilinear interpolation scheme can be considered suf-
ficient. However, in the presence of noise, the added
computational time for flow-based algorithms may be
warranted for increased accuracy in results.

5. Conclusion

In this paper, we describe an algorithm for resam-
pling vector fields using local approximation of stream-
lines. Instead of independently interpolating the motion
components, this method attempts to account for the
flow characteristics while resampling. Results on para-
metric flow fields indicate that the algorithm achieves
lower mean square error over bilinear interpolation, es-
pecially in the presence of noise. We are currently de-
veloping techniques to incorporate flow-based interpo-
lation for discontinuous flow fields. In [7], we esti-
mate motion at discontinuities by extending neighbor-
hood flow characteristics using local streamlines. We
intend to apply similar techniques for interpolation of
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Figure 6. MSE for the divergence flow us-
ing RANSAC.

streamline coefficients at discontinuities, which is an
important challenge for sea-ice motion analysis. This
extension might also be useful in color image interpo-
lation, where we intend to use our flow based interpola-
tion on 3D color vectors.
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